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1. Introduction: Uncertainty Propagation
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Uncertainty Propagation in Complex Stochastic Dynamic Systems

Data-Driven/Statistica! Phvsics-driven

unbiased Monte Carlo Simulation (MCS) Random Vibration
*  Fokker—Planck—-Kolmogorov

* Low-discrepancy sequences _ exact
(Niederreiter 1992) (FPK) equation
. ’ hni » Stochastic averaging n
Variance reduction techniques (Stratonovich 1963)
Subset simulation (Au & Beck 2001) (Roberts & Spanos 2003)
Line sampling (Schuéller et al., 2004) *  Wiener path integral | approximate
(Kougioumtzoglou et al. 2024)
biased Moment Based Methods (He & Gorz  Stochastic Finite Element
2016, Xu et al. 2016) e Stochastic perturbation
Soong & Bogdanoff 1964)
Surrogate Models (Jensen et al. 2017, ( 5 & P08 g
W N 4. * Polynomial expansion -
ang et al. 2019) .
(Spanos & Ghanem 1989, Li 1995)
Accuracy Efficiency Physics-Driven Data-Assisted

O Approaches
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2. Dimension-Reduced Probability Density Evolution Equation (DR-PDEE)

Theoretical Derivation

Total probability theorem
4+ pno)=[ p(n
4 r00=] 0l

Kramers-Moyal expansion
(Kramers 1940, Moyal 1949)

Pt) S Oy ) ()]

ot o n! oy l
n-th conditional derivative moments

a,(y.t)=kmE| AY" (1)/At]Y(£) = y |

At—0

a,(y,t)=0, for n>3

Lyu M.Z. & Chen J.B. 2022. Structural Safety 98: 102233.

y',t')p(y',l”)dy'

Y(t) 1-Dimensional Stochastic Process

Path continuous condition

lflg(}% ly_y'l>gp(y,t'+ T‘y',t')dy =0
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2. Dimension-Reduced Probability Density Evolution Equation (DR-PDEE)

Theoretical Derivation

Total probability theorem Y () 1-Dimensional Stochastic Process

3" p(r0)=["p(yay.')p(y.e)dy’ !
Kramers-Moyal expansion .i_ Path continuous condition
(Kramers 1940, Moyal 1949) {
6 ,t = —1 ! an 1 _ ! g —
pgy L5 L 2 () p(or)] i led MU C AR A
t ' n! Oy l

n-th conditional derivative moments

a,(y.1) = im E| AY" (1)/ AtV (1) = y | >, (y,t)=0, for n>3

1 a (y, t) 5 aq™ (y, t) a, (y, t) 5 ) (y, t)

DR-PDEE ap(y,) a[” Dp(t)| 106" (50)p(r.1)
(Lyu & Chen 2022)

I )]
+— 3 Exact
/ oy 2 oy \\'
intrinsic drift coefficient intrinsic diffusion
Dt s “coetficient &
Lyu M.Z. & Chen J.B. 2022. Structural Safety 98: 102233.




2. Dimension-Reduced Probability Density Evolution Equation (DR-PDEE)

~DR-PDEE  lnr)_ o 0)p(n)] 1230 ()]  ap
or oy 2 op> R

Governing equation of p(y,t) for any path-continuous stochastic process

m-D path continuous system 1D response of interest
T
D [X (t),(ﬂ = §(t)—> Stochastic excitation Y(t) = g[X (t)]
1 | * Random parameters

Non-Markovian (e.g. Fractional Derivative)

[V (1), Y ()7 (1) | > 7 (1)

— 1D system Jj:a(mt)(y’ £)+ p(int) (7,0) (1)
Exact low dimensional surrogate in probability sense

= Establish the physical law of uncertainty propagation in drastically reduced state space

= Provide efficient tool for stochastic response analysis of complex systems



DR-PDEE op(vt) 9 a™ (30)p(r.1)]

*| B (3.1) p (v.1)]

(Lyu & Chen 2022) PV / oy

Intrinsic drift
COGREIENL Ly (1) ()= v]

Analytical solution only
available for a few systems
(Luo et al. 2023, 2025, Sun & Chen

Estivnated From sample data

Physics-Driven Data-Assisted

1
+ —_

2 oy 2 \'
Intrinsic diffusion

COCHIEIENE 1 i AY* (1) v]1 (1) =]

At—0

Analytical in most cases

« No direct white noise
oeitption

e Gaussian white P (y,t)=D

Estiffted from sample

datigh-frequency oscillation
« Unknown governing

equation

Sun T, Chen J, 2022. ASCE-ASME Journal of Risk and
Uncertainty in Engineering Systems, Part A: Civil
Engineering, 8(2), p.04022012.

Luo Y, Lyu MZ, Chen JB, Spanos PD, 2023. Theoretical
and Applied Mechanics Letters, 13(3), p.100436.

Luo Y, Dang C, Broggi M, Beer M, 2025. Probabilistic
Engineering Mechanics, 79, p.103735.



Data-Assisted DR-PDEE

Numerical Implementation

STEP 1 A v :
———@ Deterministic analysis

D[X().0]=¢(r) (1)=g[X(1)]
Obtain 100~800 samples
y(i) (t),)-,(i) (t)

@ L



Data-

Assisted DR-PDEE

Numerical Implementation

STEP 1

———@ Deterministic analysis
Obtain 100~800 samples

y(i) (1),)-/(1') (t)

~EP2 @ Estimate Mt

Regression at each time step

Locally weighted smoothing
scatterplots (LoWeSS)

In MATLAB

f = fit([x y],z, lowess")

@ lowess_1D.m
{7} lowess_2D.m

10



Data-Assisted DR-PDEE

Numerical Implementation

STEP 1
———@ Deterministic analysis

Obtain 100~800 samples
(1), 31 (1)

~TEP? @ Estimate Mt

Regression at each time step

)

* Locally weighted smoothing

scatterplots (LoWeSS) , /
=1EP3 g Solve the DR-PDEE v

a_p__ﬁ[a( )(y,t)p] 182 [bmt (y,t)p]

ot oy 2 oy’

e Classically: Path integral solution (PIS)

Chapman-Kolmogorov equation Transition PDF

)dy —_—

»(y,

A yosta) = p(vatlyie)p (v > ()= -7
27b"



2. DR-PDEE: Numerical example

12-DOF Linear Fractional Differential system (Luo et al. 2023)

Y (t)=—[CD°Y (1) + KY ()] + l@ €& Gaussian excitation

DR-PDEE for

Intrinsic drift

coefficient

Intrinsic diffusion

ot

a™ (y,t)=

Y a7 a LI '
0.2 A~
MCS (104 samples)
= -DR-PDEE
0.15 F | MCS (200 samples) _
Kot
@ 0.1
0.05
0 L @ & L :
0 5 10

t

15

ale (y7 t) =

0 [a(int) (y7 t) Py, (y7 t):l

dy

10,
o” (1)

- Cy yDp(t) — Ky, e (2)

2

b(int) (y7 t) - L(l, P) L(l, ')T - bll7

0.02

0.005

0

MCS (104 samples) |

| -~ - -DR-PDEE

| =~ MCS (200 samples)

t

10

15

1 02[6" (y,t) pr. (y,1)]

[Co, DS (6, D)+ Ko yse.0(D] & Linear
function

10°

—MCS ( 10" samples)
- - -DR-PDEE

-1

0
b

1

Luo, Y., Lyu, M.Z., Chen, J.B. and Spanos, P.D., 2023. Theoretical and Applied Mechanics Letters, 13(3), p.100436.
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2. Dimension-Reduced Probability Density Evolution Equation (DR-PDEE)

3D Vehicle-Rail-Bridge System (vuan & Luo 2026)

2:5

0.5r

32 m |
Bridge” <
o DR-PDEE - PIS ‘ {;,=0.0001 s
i|-——— PDF DR-PDEE =3s 0.9 tz = 00002 S
« PDF MCS
i |——CDF DR-PDEE 0.8 ;= 0.0004 s
————— CDF MCS
| 02 t,=0.0005 s
F ¢
| JJ.S E
128 T=3.0138s
gz 68 minutes for 1 simulation
1% Strongly non-stationary
1 2 3 non-Gaussian
Dis (m) x107

Accleration_Z (m/s?)

Accleration_Z (m/s*)

-12

DOFs

S1x8+
339x20+
65x6—-5="7573

—A—Acc 3 —*—Acc t4

Rail R

0 50 100 150 200 240

Position of the first wheelset (m)

—— /\ccft]I

Rail R|

1 1
172 176 180 184
Position of the first wheelset (m)
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2. Dimension-Reduced Probability Density Evolution Equation (DR-PDEE)

Numerical Implementation

STEP 1 .o L :
———@ Deterministic analysis

D[X(1),0]=¢(1) v()=g[X(r)] DR-PDEE — DR-MCS

Obtain 100~800 samples 252100 ‘ —
+ PDF DR-PDEE r=3s
i - (7 o PDF MCS
W (2).3" (1) o

STEP 2 . int \&:D
——@ Estimate , =

Regression at each time step |

* Locally weighted smoothing ”

scatterplots (Lo\WeSS) oL 3 -
Proposed:

>IEP 3 @ Solve the DR-PDEE
(int) 2 (int)
op 5[61 (y,t)p] 10 [b (y,t)p] / T (int)
o __ e =a )+ 4B JE)E(t
Dimension reduced Monte Carlo (DR-MC)
Classical: Path integration (Yuan & Luo 2026)
14




3. One-Dimensional (1D) DR-PDEE
DRopDEE 200 A O)p(nn)] 106" (n)p (vr)]

= — + J—
ot oy 2 oy’

plint) (y,t) =0 is required for Path integration

* no direct white noise
@M@l'(!;ﬂj:y'glo e — Classical Scheme

1 Introduce Gaussian white noise term
. . . = Filter approximation (Luo et al. 2022)
1D DR-PDEE with no diffussion = Auxiliary diffusion process (Sun et al. 2025)
op(pt)_ [ (1) p(01)] 5= (s.3.0)  ———> Original dimensior

o Oy 7y =d™ (3, 9,.0)+/DE(t)—> Filter/Auxiliary dimension

e Path integration X 2D DR-PDEE
VY s ., (int) 1 -
p(y’ty’t )_é(y y—d (y’t )dt) 8p(yl,y2,t):_a|:a1(m)(ylayzat)p(ylayzat)}
Introduce numerical diffusion =» large error ot W
o ™ (1, 3050) P(3sv2st) | 1 0*[Dp (3, 7201)

« Dimension-reduce Monte Carlo ? - [ o LE [ 6y; 1)

(DR-MC)

 Estimate 2D @™ (3, :,1) & @™ (3,3,.1)
* Solve 2D PDE

y=a™ (3,1

Luo Y, Chen JB, Spanos PD, 2022. Probabilistic Engineering Mechanics, 67:103197. 15
sun TT, Chen JB, Luo Y, Lyu JH, 2025. Computer Methods in Applied Mechanics and Engineering, 442:118029.



3. One-Dimensional (1D) DR-PDEE: Numerical Validation

> 1:

X(t)+2l0X (1) ra’X ()= &(1)

£=02, 0=2,D=1 E[&(t)é(t+7)|=D5 (1)

* Purpose: Study the accuracy of DR-MCS for 1D DR-PDEE with 5™ (y,7)=0

* We can derive analytical ™

X

*  Conclusion

(x.t) =k (£)x .

DR-MCS gives robust and accurate solution, % ) 4 ‘ )

while PIS cannot

1h Analytical
« DR-PDEE DR-MCS
DR-PDEE PIS (dv/3)
08 DR-PDEE PIS (d/5)
= 06
<
04+
02} ]
|
. e, 4
3 -2 1 2 3

10git[PV(v)]

Analytical
——DR-PDEE DR-MCS

i DR-PDEE PIS (dv/3)

----- DR-PDEE PIS (dv/5)

1o

10



3. One-Dimensional (1D) DR-PDEE: Numerical Validation

>

2:

X (t)+28,0,X (t)+ o | kX (1) + 5, X (1) | = £ (¢)

£, =035, @, =1, k=-1,k~U(1,2), D=1, o =2

* Case 1: DisplacementX (t)

0.6

¢ MCS
——DR-PDEE b=0
0.5 DR-PDEE 2D =10 [
A A
o | I
04+ ISR £
YL »
< [ i %
E 03F “T !.-?7 “T
1 \
02}t s !
{ '
0.1 . .\,
; \
. s . "
-6 4 2 0 2 4
Displacement

Analytical b™ (y.t)=0

09F
0.8+

0.7
0.6

3
4 8 05+
0.4+
03F
0.2+
0.1F

1D DR-PDEE DR-MCS

2D DR-PDEE PIS
S e ]
DR-PDEE 2D#=10 { R
1 0 | > 3

Displacement

X

v

logit CDF

----MCS |
I DR-PDEE b=0
DR-PDEE 2D

Displacement
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3. One-Dimensional (1D) DR-PDEE: Numerical Validation

> 2:

X (t)+28,0,X (t)+ o | kX (1) + 5, X (1) | = £ (¢) s, (o) =
£, =05, o, =1 k=-1,k~U(1,2),D =1, @ =2

« Case 2: Accelerationt (1)
Analytical 5™ (y.t)=D = iDDR-PDEEPIS  V

Estimated 5™ (y,1) = 1DDR-PDEEPIS = 1D DR-PDEE DR-MCS

0.35 T :
/,\ « MCS
J\ 7 |-~~~ DR-PDEE Ana PIS
03+ [ DR-PDEE Num PIS
/ * *]-—~-DR-PDEE Num DR-MCS
025+ [t 1
Y \
/
., 02r #" \
2 Fo
015} v
)
01t | g
é ]
/ i
L !
0‘05 /o/’. \é‘)
O “o’l‘ 2 1 \\.'“‘\\l.-
-10 -5 0 5 10
Acceleration
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3. One-Dimensional (1D) DR-PDEE: Numerical Validation

>

3: 10-

MX (1)+CX (1)+ f| X (1),0 |=BE(1)
M =diag|[3,3,3,3,2,2,2,2,1.5,1.5]x10°,
C=aM+aK(0), (“}i{wf’} £ =005,

a 0)1 + a)3
_Hlkl + 92]{2 —92/(2 1
-0,k 0.k, +0k, -0k,
K(0)= g :
_09k9 09k9 + 010k10 _gloklo
L _HIOkIO 910k10 |
[kla' "aklo] = [5a53575>474543473)3]X107’ [9] 502’”" 010] ~LN
10 : — N :
R-PDEE 2D 800
Q@S -~ DR-PDEE 1D 800
8 B g Xsl:l CS le6 il
E&*N 6 }Z'
I
27
0 I I I
-0.3 -0.2 -0.1 0 0.2 0.3
b

CDFY

B

=[1,-1]", R.(z)=D,5(z), D,=0.2.

f[X(t),@]:[fi* _fz*afz* _f;""afn: _(f;l*tf::la

X:[XlaXz_Xla”'aXn _anl]T’

J
s

,+i2)”(3}, £=0.72,
O

10 T T
----DR-PDEE 2D 800
'''''' DR-PDEE 1D 800
——MCS 1le6

102

104

{10 /

03 202 0.1 0 0.1 0.2
¥

0.3
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3. One-Dimensional (1D) DR-PDEE: Numerical Validation
> 4: - -

LI Vehiclel

DOFs
S51x8+
Sleeper
339%x20+
Ballast
____________________ 65x6—-5="7573
l 3.2.m I
| Bridge® =

Key response of Interest: Displacement & Acceleration at Bridge Midspan

t;,=0.0001 s Acceleration: 68 minutes for 1 simulation

I4= 0.0005 s Displacement: 15 minutes for 1 simulation (a) o o i »Vertical irregularity

T=3.0138s

Random Sources (b)
« 25 Random Structural Parameters

Reference line

Actual track -

* Track irvegularities in 2 directions
German track spectra (Zhai 2019)

B/
Lateral irregularity
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CDF (log)

3. One-Dimensional (1D) DR-PDEE: Numerical Validation

> 4: -

* Displacement (Validated against 1e4 MCS)

2D DR-PDEE

PIS vs.

x10

s DR-MCS
[
|

0.5 1 1.5
1(s)

(c) Comparison of the time-varying PDF contours: DR-PDEE vs. MCS

<

100 , — ; ——4000 10%¢
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1oLk & |- - -CDF MCS le4 w0l
%% |-~ -PDF DR-PDEE+MCS 200 || 3000 ;
: ! PDF DR-PDEE +PIS 200 F
i $|—e—PDF MCS le4 I .

1024 2500 % 10_3
Bl = I
12000 E E T

F | E E: |
10 j1s00 O 107,
' 11000 }

10 10
500 I

| I—— L L L Pem L 0 L -
0 2 4 6 8 10 12
Dis (m) r=1.5s %1074

(d) PDFsand CDFsat @ =1.5s

T
C=>DR-PDEE 200 led
5e3
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2 2.5
- 13000
—— CDF DR-PDEE+MCS 200|,
————— CDF DR-PDEE+PIS 200 |
- - ~CDF MCS le4 2500
-+ ~PDF DR-PDEE+MCS 200
PDF DR-PDEE+PIS 200 | |
| |——PDF MCS 1e4 2000
[«
11500 O
o
& 11000
\\“\ 4500
. w 0
0 5 10 15 20
Dis (m) r=2.25s %1074

(¢) PDFs and CDFs at ¢ =2.25s

CDF (log)

CDF (log)

10°¢ 4500
£ ‘— —~CDF DR-PDEE+MCS 200
- = =CDF MCS 1le4 4000
a1l o) -~ PDF DR-PDEE+MCS 200 |
10 AW —o—PDF MCS led 3500
i3 3000
-3
107 ¢
2500 g,
a
r 2000 ™
10~
1500
0 1000
; 500
[ 'o
0 1 1.5
Dis (m) =1.5s %107
—13000

—— CDF DR-PDEE+MCS 200
- - -CDF MCS le4 |
- -+~ PDF DR-PDEE+MCS 200 | 2500
——PDF MCS le4

12000
=
11500 2
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1000

\ 500
.\\
‘ ; 0
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Dis (m) =2.25s %1073

21



3. One-Dimensional (1D) DR-PDEE: Numerical Validation

> 4

* Displacement (Validated against 1e4 MCS)

2D DR-PDEE DR-MCS 1D DR-PDEE DR-MCS
2.5x104 ‘ . - ‘ ' 2_5><104 ‘ ‘ ‘ ‘ ‘ ‘ ‘
+ PDF DR-PDEE /=35 Jovg - PDF DR-PDEE /=3s
o PDF MCS o PDF MCS
2 | |——CDF DR-PDEE {0.8 2 CDF DR-PDEE
- - -CDF MCS$ - - -CDF MCS
40.7
g5} 0.6 gL5F
= 058 =/
5 1r 0.4 2 1
‘ 103
0.5 10.2 0.5r
‘ 40.1
0 L L L L O?a 0 L
-4 -3 2 -1 0 1 35 3 25 2
Dis (m) %10
.. 2D DR-PDEE PIS
245 — : : , ‘
‘ / PDF DR-PDEE =3s | (1 ¢
« PDF MCS ‘
2! i |——CDF DR-PDEE 0.8
\ CDF MCS
0.7
CRER 106
= 058
2 1+ 104 :
103
0.5} 10.2
40.1
0 ‘
3 2 1 2 3
x10*
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3. One-Dimensional (1D) DR-PDEE: Numerical Validation
> 4: - -

« Acceleration (Validated against 1e3 MCS) B (1)
20
10.9
MCS 1000
- PDFDR-PDEE =35 | 0.7
) ;l(:DD; I\DAIS—SPDEE 188
%\/10 - - ~CDF MCS ,0‘5;’_3
5t g ‘
N {02
. 10.1
-%.15 -d.l -0.05 (I) 0.65 011 d(’)4. ;5 012 0.25
Dis (m)
40

‘ ' ‘ " [~ _DR-PDEE~225s
DR-PDEE 1000 9 )BTy

=e-=MCS Fl.5s

it
301 4 .
Lok
—2 | ;o
E f b
E 20 ‘f 1 ,; &\
s 4 \ ;A
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4. Concluding Remarks

~DRPDEE () __ 3" ()p()] 126" (G)p()] b

ot oy 2 oy

Governing equation of p(y,t) for any path-continuous stochastic process

m-D path continuous system 1D response of interest
D[X(1),0]=¢(r) Y(t)=g[ X (1)

L— 1D system L (i) - Y Dimension-Reduced Monte Carlo
y=a (y,t)+ b (y,t)é:(l') b(int)(y,f)io & b(im)(y,t):o

Exact low dimensional surrogate in probability sense

3D Vehicle-Rail-Bridge System

—_—
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