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A unified“approachdo stability’ of spatial elastic,oodies

The domain of the body € is parameterized by the Cartesian
orthogonal system (z, x2, z3) and d? = dzidxadzs.

The initial loads are proportional to a multiplier A. The initial stresses
are: Aog .

The body is made of material with the anisotropic moduli C%*!(z)
The components of displacement « will be denoted by u1, us, us.
Partial derivative () ; = d/0x;.

Strains are given by:

1
gij(u) = 5 (uig + uj;i)
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A unified“approachdo stability’ of spatial elastic,oodies

Let V be a set of kinematically admissible displacements.
According to linear theory of stability, Washizu 1982 sec. 5.2:
Find w € V' such that the multiplier \ exists that:

a(u,v) + Ab(u,v) =0 Vo kin.adm.

where

The solution of (1) are the pairs: (A, u(,), n € Nand
PSTENPPIES PRI
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A unified“approachdo stability’ of spatial elastic,oodies

We are intrested in A\ = min(\}, \}), where

i = max Wo(v) i = max _Wg(’v)
/\’1 " v kin. adm. W(v) ’ )\'2 v kin. adm. W(v)
or
1 Wo(v)
A1 wkin.adm.~ W(v)
where
1 1
Wio) = a(v.v). Wo(v) = 2b(0.v)

Formula (2) is called the Rayleigh quotient.
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Stability, ©f straightibars of arbitrary cress sectigns -

Vlasov*like thegry

A - area of the cross section

Jy - moment of inertia about y axis
J. - moment of inertia about z axis
J - torsional moment of inertia

1, - warping modulus

O - gravity center

S - shear center

n - unit normal vector ||n|| =1

R.Czubacki, T.Lewinski (WUT, Poland) ICGA 20265Xi'an, China 3 November 2026



Stability, ©f straightibars of arbitrary cress sectigns -

Vlasov*like thegry

We consider: a straight, prismatic bar made of elastic isotropic
homogeneous material.

The initial loads being proportional to a multiplier A cause the internal
forces:

ANO(z), AMO(z), )\Mg(a:), MTO(x), )\Tyo(x), IMO(z), ABY(x)

In Vlasov like theory, the three non-zero stress components o}!, o2,
3 are expressed by:
11

1 1, 1N 1 o
oy = ZNO(Q;) = J—zyMz (z) + J—szy(ac) + Kw(gh z)B, (x)

12 1 (0w 0 12 0 0 1an 0 0

o =5 P z4+zs | M () + Aoy (asz () + a2y T, (a:)) + Aoy (aszz (z) + ay T, (ac)) ,
13 _ 1 (0w 0 1a¢ 0 0 1on

o0’ =S (o tu—vs MO(z) + AP (asz (z) + 0y T, (ac)) +25 (Otyz 2(x) + oy T, (x)) ,

R.Czubacki, T.Lewinski (WUT, Poland) ICGA 20265Xi'an, China 3 November 2026



Warpingdunctiong

Kinematic assumptions:

e = u(z) + yo(z) + 2B8(x) + w(y, z)% +[C(y:2) — 2] (5 + %) + [nw:2) =] (99 " %)
uy = v(x) — (2 — 25)0(z)
uz = w(a) + (y — ys)0(z)

Independent displacements fields: u, v, v, 38, ¢, 6.
The warping functions:

w(y, 2) — warping due to torsion
y,z)—z — warping due to transverse shear in z direction
n(y, z) —y — warping due to transverse shear in y direction

Lewinski T., Czarnecki, S., On incorporating warping effects due to transverse shear and torsion into the theories of straight
elastic bars, Acta Mech 232(1), 247-282 (2021). https://doi.org/10.1007/s00707-020-02849-7
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Warpingdunction dae to torsion

The warping function w(y, z) is expressed by:

w(y, z) = wo(y, 2) + Ysz — 25y
where wy(y, z) is the solution of the elliptic problem:

Awg=0 in A

&ug

Tn =nyz—ny on I
Jde.A =0

A

The position of point S = (ys, z5) is given by:

z

1 1
Ys = —— szod.A, Zg = — JywodA
Jy J
A A
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Warpingdunctions‘due to transverse, shear

Notation: (f]g) — J FgdA.

A
Warping functions due to transverse shear n = n(y, z), ¢ = ((y, z) are given
by:

|G, 2) = (1)l )
4w, )~ 60w, »)|

n(y,z) =

C(y,2) =

@\“b\“

where D = (ijly)({|2) — (7]2)(C]y) and auxiliary functions ¢ = ((y, z),
7} = 7(y, z) are the solutions of the elliptic problems:
£ _ oC .
AC+2z=0in A; %ZOOHF,JC(LAZO
A
. . on ~
Afj+y=0in A; an=OonF, fndAzO

A
Moreover: (7jz) = (C|y).
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Numerical Example- GCRD42 ralil

15 20

o 5 10
Fig. 5: Profile of GCRD42 Girder rail. The initial coordinate system g, 2o is drawn

in blue. The principal axes y, z are drawn in black. The red dot indicates point S

Table 1: Characteristics of the cross-sections shown in Fig.5; yn(0), 20(0) are the
coordinates of the centroid given in the initial coordinate system; yy(s), 20¢s) are the

coordinates of the point S in the initial coordinate system
A Jy Jz J Yooy zo(0)  Woesy zoes)  A(wo,y) ky  kya=kuy ko
[em?] [em?] [em?] [em*] [em] [em]  [em] [em] °] -] (-] -]
822 166 -5.58 0452 0.0601 0.494

56.52 156.9 1471 1088 9.58 241

Czubacki, R., Lewinski, T. The six-parameter theory of straight elastic bars with transverse shear—torsion decoupling.
Acta Mech 237, 2435-2480 (2026). https:/doi.org/10.1007/s00707-025-04606-0
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GCRD42rail - Wafping fun

Oy

. e
R 3 \7*\\¥,_/x\

=

(a) contour plot of w warping function

(b) Red indicates negative values, and biue indicates positive values. The blue and red dots
indicate minimal and maximal values, respectively

Fig. 6: Plots of warping function w: contour plot (a), 3D plot (b)

Czubacki, R., Lewinski, T. The six-parameter theory of straight elastic bars with transverse shear—torsion decoupling
Acta Mech 237, 2435-2480 (2026). https:/doi.org/10.1007/s00707-025-04606-0
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GCRD42,ail - Warpingfunction due to transverse sheas

AL \W//

() contour plot of n — y warping function
(a) contour plot of ¢ — z warping function

(b) Red indicates negative values, and blue indicates positive values. The blue and red dots (b) Red indicates negative values, and blue indicates positive values. The blue and red dots
indicate minimal and maximal valies, respectively indicate minimal and maximal values, respectively
Fig. 7: Plots of warping function 7 — y: confour plot (a), 3D plot (b) Fig. 8: Plots of warping function ¢ — z: contour plot (a), 3D plot (b)

Czubacki, R., Lewinski, T. The six-parameter theory of straight elastic bars with transverse shear—torsion decoupling.
Acta Mech 237, 2435-2480 (2026). https://doi.org/10.1007/s00707-025-04606-0
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The sheay areas

()%
A, = = (ly)
o (Jz)2 o~
FRECOGR
JoJy J
Ayz = Azy = Dy(77|y) - - Dy(dz)

-1
ar/A az /Al | AL Ay
/A oay/A| T | A Ay
Quantities A,, A,. = A.,, A. are the reduced areas (the shear areas).

We can introduce the the shear correction factors:

AZ = kZA, Azy ) Ayz = kyzA = kaA7 Ay = kyA
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Stability, ©f straigthibars of arbitrary cress sections -

Vlasov*like thegry

Kinematic assumptions in Vlasov-like theory:

dv dw
= u(e) —y o — 2wy, )
= v(x) = (= — 2,)0(x)

= w(z) + (y — ys)0(x)
The displacement gradients

du d?v d3w 20

Uil = - -y S —Z2—F tw
’ dx dx 2 dx 2 dz 2 dv do dw do
u21 = — — (2 — z5) —— uz,1 = — +(y — —
dv  ow do 21= gy g 1= t-v) g
Uz = —— + — — -0
dx Jy dx Uz 2 = uz,2 =
dw (w do u2,3 = —0 ugz,3 =0
1,3 = ———

dx 0z dx
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The workoof initial-gtresses Wy (u)

We calculate Wy (u)

3

1 g
=3 JU Ulu) = ), fuk,iaéjuk,jdA
§ kij=13
3 ..
D ukiog up g = 0 [(u11)? + (ug1)? + (uz1)’]+
Kij=1

12
+ 20y (U171U1,2 + u2u21 + U3’QU3,1)+
1
+ 2003 (w1 1ur 3 + ugun s + Uz U3 2)
2 =0, 02‘ =0, 0' = 0.
We substltute representatlons of odt, od?, ol3,
U2,1,U3,1,U2,2,U2,1,U3,2, U2 3 and lntegrate over A.
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The workoof initial-gtresses Wy (u)
l
Wo = 5 [[INO@hwta) + MY () + MUY () + B )

+ MO(@)bpq () + TO(@)bL () + T2 (a)bT ()] dax + W, + W,

where
~ a, (! P s Ay y 2
W, = —IL qy(x)0° (z)dz, W. = —*J qz(x)0" (z)dx
by (2) (dw>2+<dv)2+2 dv df 2 dwd0+( ) (d9>2
x)=|— o, o v dr
Rl dx dx *dz dz dz dz dx
; do\? dv df ; do dw dé
i@ e (L) 20 M@= —a (f) —2m =
v dx dx dx dx dx dz
b (2) do\? ban () d2wdv+d2vdw
w(T) = | — ) z)= |- .7 T
7 dz M dx 2 dx dx 2 dx
do d do
b (@) = a0 +205=, bl (2) =a,05 — 29*
’E
and
1 1 L
ar = - [07 + iAoy = o [o raa-2n 0n= S [ule 4 uta -,
w ] Ju 4 A
Jo
Jo=Jy+J., 10 = X+(ys)2+(35)

16/35
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The elastic energy‘stored in the bar J#{u)

The elastic energy W (w) is assumed in the form:

l 2 2 2
A 1 d2w d2v do\>? 426
0

and is treated as functional W(u) = W(w, v, 0).
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The Rayleigh quatient

Thus, A is given by the formula:

i _ max +W0(waU70)
A1 B w,v,@ kin. adm. W(w, v, ‘9)

called the Rayleigh quotient.
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Axial Buckling

Both ends of the bar are subjected to compression forces S. Thus, the
initial stress components equal

NOSC i
o = ;), of =0, (i,5) # (1,1)

where N%(z) = —S = const.

NO (@b () + MY ()b} (2) + M (2)b2 (2) + BY (2)bus (2) + MO (@)bpq () + T2 ()b (x) + Ty (2)by ()

l .
1 dw\? [dv\? dv df dw d do
== — 9 224 — Yy — —
Wo 2”(@) +<dw) 2 g T Wy gy T o) (m) ]d””
0
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Axial Bucékling - bartork-supported atiitie ends

SgT— S 0 ysS
det 0 S — 8 —2.8 =0 (3)
ysS —2s8  (ro)* (S —9)

where

2 2 2
EJ, EJ 1 EI
Syt =T, ST =T, ST = 2(”12°J+GJ>

see Trahair et al (2008) in section 3.7.5 Eq.(3.57).
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Bucklingéot a bar gpder an axial load afd purefending

Let ¢, = t. = 0 and the component ¢, of the traction on the end faces
will be of the form ¢, = +(a + by + cz) onthefaces x = 0, x = [,
respectively. The following internal forces appear:

NO = const,Mg = const, MY = const, TV = O,TS =0,M"=0,B%=0.
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Bucklingéet a bar gnder a puré bending

Consider the special case of t, = +cz for x = 0, x = [ respectively,
which gives N® = 0, M? = 0, M) = M° # 0, B® = 0. The cross section
A is arbitrary.

l
doN? _dv db
ay | — | —2——|dz
dz dz dx
1 0
max
2

@ 49ET1 rail. Lengih 4m.

Fork support
@ Sofistik: M,/ "s" — 231 9k N

@ Mathematica: M, ., = 232.9kN
@ Difference 0.43[%)]

R.Czubacki, T.Lewinski (WUT, Poland) ICGA 20265Xi’'an, China 3 November 2026 22/35



Lateral Buckling

Only in case if the bar is subjected to two opposite bending moments
at the end the M) and M? are constant and the shear forces 7,0, 17
vanish. Only then the stability problem is elementary solvable.
Otherwise:

l
Wo = 5 | (MY} @)+ M@ @) + T (@] (2) + T )b (@) | da + W), + -
0

which we can rewrite in the form dependent only on M;j, MY:

l

1 d d d & N

=5 - — 20)— (MO 2 MO -

Wo = 5 [ [ 000~ 200 0049) ~ 2L (0.0 + 20 00D o+ W, + .
0
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Lateral Buckling, g5% const

a) Let us consider a bar of bisymmetric cross-section with both ends

fork-supported loaded with ¢ = const linking points (x,0,0) from z = 0,
x =I.

q q
‘&H}LMMMMMMHJ% Y
1IN X AN - S=SC
rAl
K 1/ 2 ¢ 1/ 2 / E 74 Z

The bending moment is given by M) (x) = %qx(l — ).
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Lateral Buckling, g5% const

Work of initial forces is given by:

1 l
Wy = 3; dd [(1@(1 = x)@(:r))] dr = —%qf@di [2(1 = 2)0(x)] do
0

Functions v, 6 are kinematically admissible (v(0) = 0, #(0) = 0;
v(l) =0, 0(1) = 0) The Rayleigh quotient takes the form:

1
& d
: - f d—@ [6(1 — ©)6(6)] de

m:w,ﬁﬁ}im 1 9 2
f d% d¢> I gt
dg dg >
0

12
:ﬂ 9 =1

1 T EJ v
where ¢y = qu/EJzELu, &= 0 EIZ b, = 7
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Lateral Buckling, g5% const.

Numerical Computation of the Rayleigh quotient

The critical load g, for the lateral bucking can be found numerically by
Mathematica software. Functions ¢(¢), (&) are expanded by the truncated
trigonometric series:

P(€) = Zn: A;sin(in€), @& = Zn: B;sin(in€), Aj;, B; —unknowns

1=1,3,5 1=1,3,5
~v | Timoshenko Truncated | Difference

& Gere | series n=11 [%]
0.4 143 144 0.70
16 36.3 36.1 0.55
48 31.5 31.2 0.95
128 29.4 29.4 0.00
360 28.6 28.7 0.35

Values of the ciritical load gerit/(\/7q0)-
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Lateral Buckling.

Pointload P acting in theémiddle ofdhe bar.

b) Let us consider a bar of bisymmetric cross-section with both ends

fork-supported loaded with P acting in the middle of the bar at point
(1/2,0,0).

v
7 1/2 v 1/2 y e
A A A Zy
l
M?S(:L‘)z %Pm (?<a:<§
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Lateral Buckling.

Pointload P acting in theémiddle ofdhe bar.

dy d dy d
— | === (&d)dE — | == —((1 = &)p)d
1 Oj i €OV~ | g1 - 00
| Perit/ Pol - ¢,¢I|£ilr%}édm. : dy ’ d¢ 2 d?¢ : d
[|() + () + (i) |«

R.Czubacki, T.Lewinski (WUT, Poland) ICGA 20265Xi’'an, China

3 November 2026

28/35



Lateral Buckling.

Pointload P acting in theémiddle ofdhe bar.
Numerical Gomputatignof the Rayleigh guotient.

~ | Timoshenko Truncated | Difference
& Gere | series n=11 [%]
0.4 86.4 86.9 0.58
16 21.8 21.8 0.00
48 18.8 18.7 0.53
96 17.9 17.9 0.00
320 17.2 17.2 0.00

Values of the ciritical load P...i;/(\/7F).
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Lateral Buckling

Czubacki, R., Lewinski, T. Application of the Rayleigh quotient method in the analysis of stability of straight elastic bars.
Archives of Civil Engineering 70(4), 85-98 (2024). https://doi.org/10.24425/ace.2024.151881

1
Co = 3Gb (t,)° g

1Cy

Kp=o o
2El, +1C,

Q
i
Na)

V4
Fig. 2. Parametrization of the bar’s mono-symmetric cross section; y and z are principal axes; position of
the centroid (O) and the shear center (S). Possible point of application of the transverse load ¢, = ¢ has
coordinates: (x,0,23)z2 = €3 + 25

1 ) .
d (1 d ) 1 R
1 _/dx ( ayf — v) o [x(—x)0]dx +/e2(7‘ dx /(zay) 9%dx
ﬁ = max i 0 0
qcrit over 0,v being &2y 2,\2 d 2 2
/ ( ‘2) Gj(dg) +EL, (df) dx+C, ( 0 ) +(% )
0 d d =0 dx|
3 !
d d (1 d 1
) /E (wy —v) *(x())dx+/a(iayé)fv)a[(l—x)e]dxﬁL ((gz,iuy)ez)
0 1

kinematically
dx
2 g0 2
+(E
x:O) (dx x:l) )

1L
X=32

= max ;
|Pcrit| over 6,v being
kinematically /

admissible
2.,\2 2
e () vou do)* vE1, Y dx+Cu, 4
L dx? dx dx? dx
admissible
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Lateral Buckling

Czubacki, R., Lewinski, T. Application of the Rayleigh quotient method in the analysis of stability of straight elastic bars.
Archives of Civil Engineering 70(4), 85-98 (2024). https://doi.org/10.24425/ace.2024.151881

q P

T : ' ~

/7 S 7

e Mot o Mer
Cross-section Kw ml | TBeamN Ravla.lgh * Cross-section Kuw iml | TBeamN Rayl%‘gh %
quotient quotient
[ -0.25 239.01 238.97 0.02 -0.25 269.61 269.61
[ 0 316.26 316.24 0.01 0 0 380.89 380.69
0.25 418.25 418.17 0.02 0.25 533.83 534.36
r 025 | 252.21 | 25236 | -0.06 025 | 283.85 | 283.89
0.25 0 329.72 329.80 -0.02 0.25 0 396.: 396.50
0.25 430.56 430.67 -0.03 0.25 549. 550.55
-0.25 27348 273.78 -0.11 -0.25 306.: 306.54
05 0 351.15 351.36 -0.06 0.5 0 421 421.51
62 b 0.25 45037 450.61 -0.05 0.25 576.. 576.22
-0.25 313.46 314.81 -0.43 -0.25 | 348.01 349.31
0.75 0 391.05 39235 | -0.33 0.75 ] 467.05 468.68
0.25 487.57 488.73 -0.24 0.25 624.11 625.35
-0.25 418.76 422.78 -0.96 -0.25 453.80 458.20
1 0 495.20 499.06 -0.78 1 0 584.79 588.86
0.25 585.28 588.98 -0.63 0.25 748.93 753.16
-0.2621 13.57 3.57 .00 -0.2621 25.7( 12576
0 0 56.20 6.20 .00 o 0 93.0( 193.08
0.0379 63.81 3.81 .00 0.0379 06.0: 206.14
-0.2621 14.51 4.53 -0.02 -0.2621 26.5 126.59
0.25 0 157.05 7.06 -0.01 0.25 0 194.0: 194.05
y 0.0379 | 164.62 64.64 001 | 0.0379 | 207.06 | 207.1
O -0.2621 16.17 16.19 -0.0. y O -0.2621 27.98 128.0:
Zg S 05 0 58.52 58.55 -0.0: Zs 0.5 0 95.75 195.7:
e 0.0379 66.05 66.07 -0.0 S 0.0379 08.77 208.8:
2 q -0.2621 19.82 19.95 0.1 > q 0.2621 3118 | 1313
0.75 1] 161.77 161.89 -0.07 0.75 0 99.41 | 199.55
z 0.0379 69.17 | 169.29 -0.07 VA 0.0379 1255 127
-0.2621 34.48 135.26 -0.58 -0.2621 43.99 44.7
1 0 74.50 175.16 -0.38 1 0 13.98 14.7
0.0379 81.42 182.04 -0.34 0.0379 27.37 28.0°
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Conclusions

The Rayleigh quotient delivers the critical load as well as the form of
the buckling directly. This equation is the most compact formulation of
the buckling problem of a straight bar and is a convienient starting
point for the numerical computations. Let us recal! that only if all the
forces N°(x), ..., T))(x) are constant the buckling problem can be
analytically solved. Thus, almost nothing is lost if the Rayleigh quotient
is used instead of a cumbersome analysis of the set of the relevant
equilibrium equations.
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Thank you for your kind attention!
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