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A unified approach to stability of spatial elastic bodies

The domain of the body Ω is parameterized by the Cartesian
orthogonal system px1, x2, x3q and dΩ � dx1dx2dx3.
The initial loads are proportional to a multiplier λ. The initial stresses
are: λσij0 .
The body is made of material with the anisotropic moduli Cijklpxq
The components of displacement u will be denoted by u1, u2, u3.
Partial derivative pq,i � B{Bxi.
Strains are given by:

εijpuq � 1

2
pui,j � uj,iq
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A unified approach to stability of spatial elastic bodies

Let V be a set of kinematically admissible displacements.
According to linear theory of stability, Washizu 1982 sec. 5.2:
Find u P V such that the multiplier λ exists that:

apu,vq � λbpu,vq � 0 @ v kin. adm. (1) {aaa}

where

apu,vq �
»
Ω

3̧

i,j,k,l�1

CijklεklpuqεijpvqdΩ

bpu,vq �
»
Ω

3̧

i,j,k�1

σij0 uk,ivk,jdΩ

The solution of (1) are the pairs: pλn,upnqq, n P N and
|λ1| ¤ |λ2| ¤ |λ3| ¤ . . .
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A unified approach to stability of spatial elastic bodies

We are intrested in λ1 � minpλ11, λ12q, where

1

λ11
� max

v kin. adm.

W0pvq
W pvq ,

1

λ12
� max

v kin. adm.
�W0pvq
W pvq

or

1

λ1
� max

v kin. adm.
�W0pvq
W pvq (2) {RQ}

where

W pvq � 1

2
apv,vq, W0pvq � 1

2
bpv,vq

Formula (2) is called the Rayleigh quotient.
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Stability of straight bars of arbitrary cross sections -
Vlasov-like theory

A - area of the cross section
Jy - moment of inertia about y axis
Jz - moment of inertia about z axis
J - torsional moment of inertia
Iω - warping modulus
O - gravity center
S - shear center
n - unit normal vector ||n|| � 1

R.Czubacki, T.Lewiński (WUT, Poland) ICGA 2026, Xi’an, China 3 November 2026 5 / 35



Stability of straight bars of arbitrary cross sections -
Vlasov-like theory

We consider: a straight, prismatic bar made of elastic isotropic
homogeneous material.
The initial loads being proportional to a multiplier λ cause the internal
forces:

λN0pxq, λM0
z pxq, λM0

y pxq, λT 0
z pxq, λT 0

y pxq, λM0pxq, λB0
xpxq

In Vlasov-like theory, the three non-zero stress components σ110 , σ120 ,
σ130 are expressed by:

σ
11
0 �

1

A
N

0pxq �
1

Jz

yM
0
z pxq �

1

Jy

zM
0
y pxq �

1

Iω
ωpy, zqB0

xpxq

σ
12
0 �

1

J

�
Bω

By
� z � zs



M0pxq �

1

A

Bζ

By

�
αzT

0
z pxq � αzyT

0
y pxq

	
�

1

A

Bη

By

�
αyzT

0
z pxq � αyT

0
y pxq

	
,

σ
13
0 �

1

J

�
Bω

Bz
� y � ys



M0pxq �

1

A

Bζ

Bz

�
αzT

0
z pxq � αzyT

0
y pxq

	
�

1

A

Bη

Bz

�
αyzT

0
z pxq � αyT

0
y pxq

	
,
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Warping functions

Kinematic assumptions:

ux � upxq � yφpxq � zβpxq � ωpy, zq
dθ

dx
�
�
ζpy, zq � z

� �
β �

dw

dx



�
�
ηpy, zq � y

� �
φ�

dv

dx



uy � vpxq � pz � zsqθpxq

uz � wpxq � py � ysqθpxq

Independent displacements fields: u, v, v, β, φ, θ.
The warping functions:

ωpy, zq – warping due to torsion
ζpy, zq � z – warping due to transverse shear in z direction
ηpy, zq � y – warping due to transverse shear in y direction

Lewiński T., Czarnecki, S., On incorporating warping effects due to transverse shear and torsion into the theories of straight
elastic bars, Acta Mech 232(1), 247–282 (2021). https://doi.org/10.1007/s00707-020-02849-7
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Warping function due to torsion

The warping function ωpy, zq is expressed by:

ωpy, zq � ω0py, zq � ysz � zsy

where ω0py, zq is the solution of the elliptic problem:

∆ω0 � 0 in A
Bω0

Bn � nyz � nzy on Γ»
A

ω0dA � 0

The position of point S � pys, zsq is given by:

ys � � 1

Jy

»
A

zω0dA, zs � 1

Jz

»
A

yω0dA
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Warping functions due to transverse shear

Notation: pf |gq �
»
A

fgdA.

Warping functions due to transverse shear η � ηpy, zq, ζ � ζpy, zq are given
by:

ηpy, zq � Jz
D

�
pz|pζqpηpy, zq � pz|pηqpζpy, zq�

ζpy, zq � Jy
D

�
py|pηqpζpy, zq � py|pζqpηpy, zq�

where D � ppη|yqppζ|zq � ppη|zqppζ|yq and auxiliary functions ζ̂ � ζ̂py, zq,
η̂ � η̂py, zq are the solutions of the elliptic problems:

∆ζ̂ � z � 0 in A;
Bζ̂
Bn � 0 on Γ,

»
A

ζ̂dA � 0

∆η̂ � y � 0 in A;
Bη̂
Bn � 0 on Γ,

»
A

pηdA � 0

Moreover: ppη|zq � ppζ|yq.
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Numerical Example - GCRD42 rail

{fig:2}

{fig:22}

Czubacki, R., Lewiński, T. The six-parameter theory of straight elastic bars with transverse shear–torsion decoupling.
Acta Mech 237, 2435–2480 (2026). https://doi.org/10.1007/s00707-025-04606-0
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GCRD42 rail - Warping function due to torsion

{fig:23}
Czubacki, R., Lewiński, T. The six-parameter theory of straight elastic bars with transverse shear–torsion decoupling.
Acta Mech 237, 2435–2480 (2026). https://doi.org/10.1007/s00707-025-04606-0
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GCRD42 rail - Warping function due to transverse shear

Czubacki, R., Lewiński, T. The six-parameter theory of straight elastic bars with transverse shear–torsion decoupling.
Acta Mech 237, 2435–2480 (2026). https://doi.org/10.1007/s00707-025-04606-0
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The shear areas

Az � pJyq2
D

ppη|yq
Az � pJzq2

D
ppζ|zq

Ayz � Azy � �JzJy
D

ppη|yq � �JzJy
D

ppζ|zq
�
αz{A αzy{A
αyz{A αy{A

�
�
�
Az Azy
Ayz Ay

��1

Quantities Ay, Ayz � Azy, Az are the reduced areas (the shear areas).
We can introduce the the shear correction factors:

Az � kzA, Azy � Ayz � kyzA � kzyA, Ay � kyA
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Stability of straigth bars of arbitrary cross sections -
Vlasov-like theory

Kinematic assumptions in Vlasov-like theory:

u1 � upxq � y
dv

dx
� z

dw

dx
� ωpy, zq dθ

dx
u2 � vpxq � pz � zsqθpxq
u3 � wpxq � py � ysqθpxq

The displacement gradients

u1,1 �
du

dx
� y

d 2v

dx 2
� z

d 2w

dx 2
� ω

d 2θ

dx 2

u1,2 � �
dv

dx
�
Bω

By

dθ

dx

u1,3 � �
dw

dx
�
Bω

Bz

dθ

dx

u2,1 �
dv

dx
� pz � zsq

dθ

dx

u2,2 � 0

u2,3 � �θ

u3,1 �
dw

dx
� py � ysq

dθ

dx

u3,2 � θ

u3,3 � 0
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The work of initial stresses W0puq

We calculate W0puq

W0puq � 1

2

l»
0

Upuqdx, Upuq �
3̧

k,i,j�1

»
A

uk,iσ
ij
0 uk,jdA

3̧

k,i,j�1

uk,iσ
ij
0 uk,j � σ110 rpu1,1q2 � pu2,1q2 � pu3,1q2s�

� 2σ120 pu1,1u1,2 � u2,2u2,1 � u3,2u3,1q�
� 2σ130 pu1,1u1,3 � u2,1u2,3 � u3,1u3,2q

σ220 � 0, σ230 � 0, σ330 � 0.
We substitute representations of σ110 , σ120 , σ130 ,
u2,1, u3,1, u2,2, u2,1, u3,2, u2,3 and integrate over A.
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The work of initial stresses W0puq

W0 � 1

2

» l
0
rN0pxqbN pxq �M0

y pxqbMy pxq �M0
z pxqbMz pxq �B0

xpxqbωpxq

�M0pxqbMpxq � T 0
z pxqbTz pxq � T 0

y pxqbTy pxqs dx��Wy ��Wz

where

�Wy � �
az

4

» l

0

qypxqθ
2pxqdx, �Wz � �

ay

4

» l

0

qzpxqθ
2pxqdx

bN pxq �

�
dw

dx


2

�

�
dv

dx


2

� 2zs
dv

dx

dθ

dx
� 2ys

dw

dx

dθ

dx
� pr0q

2

�
dθ

dx


2

b
M
y pxq � ay

�
dθ

dx


2

� 2
dv

dx

dθ

dx
, b

M
z pxq � �az

�
dθ

dx


2

� 2
dw

dx

dθ

dx

bωpxq � αx

�
dθ

dx


2

, bMpxq �

�
�

d 2w

dx 2

dv

dx
�

d 2v

dx 2

dw

dx

�

b
T
y pxq � azθ

dθ

dx
� 2θ

dw

dx
, b

T
z pxq � ayθ

dθ

dx
� 2θ

dv

dx

and

αx �
1

Iω

»
A

py2 � z
2qωpy, zqdA, ay �

1

Jy

»
A

zpz2 � y
2qdA� 2zs, az �

1

Jz

»
A

ypz2 � y
2qdA� 2ys

J0 � Jy � Jz, r0 �

c
J0

A
� pysq2 � pzsq2
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The elastic energy stored in the bar W puq

The elastic energy W puq is assumed in the form:

W puq � 1

2

l»
0

��EJy
�
d 2w

dx 2

�2

� EJz

�
d 2v

dx 2

�2

�GJ

�
dθ

dx


2

� EIω

�
d 2θ

dx 2

�2
�� dx

and is treated as functional W puq �W pw, v, θq.
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The Rayleigh quotient

Thus, λ1 is given by the formula:

1

λ1
� max

w,v,θ kin. adm.
�W0pw, v, θq
W pw, v, θq

called the Rayleigh quotient.
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Axial Buckling

Both ends of the bar are subjected to compression forces S. Thus, the
initial stress components equal

σ110 � N0pxq
A

, σij0 � 0, pi, jq � p1, 1q

where N0pxq � �S � const.

N
0
pxqbN pxq �M

0
y pxqb

M
y pxq �M

0
z pxqb

M
z pxq � B

0
xpxqbωpxq �M0

pxqbMpxq � T
0
z pxqb

T
z pxq � T

0
y pxqb

T
y pxq

W0 � 1

2

l»
0

��
dw

dx


2

�
�
dv

dx


2

� 2zs
dv

dx

dθ

dx
� 2ys

dw

dx

dθ

dx
� pr0q2

�
dθ

dx


2
�
dx
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Axial Buckling - bar fork-supported at the ends

det

��Scr
y � S 0 ysS
0 Scr

z � S �zsS
ysS �zsS pr0q

2 pScr
s � Sq

�� � 0 (3) {16.11}

where

Scr
y �

π2EJy
l2

, Scr
z �

π2EJz
l2

, Scr
s �

1

pr0q
2

�
π2EIω

l2
�GJ

�

see Trahair et al (2008) in section 3.7.5 Eq.(3.57).
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Buckling of a bar under an axial load and pure bending

Let ty � tz � 0 and the component tx of the traction on the end faces
will be of the form tx � �pa� by � czq on the faces x � 0, x � l,
respectively. The following internal forces appear:
N0 � const,M0

y � const,M0
z � const, T 0

z � 0, T 0
y � 0,M0 � 0, B0 � 0.

{fig:44}
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Buckling of a bar under a pure bending

Consider the special case of tx � �cz for x � 0, x � l respectively,
which gives N0 � 0, M0

z � 0, M0
y �M0 � 0, B0 � 0. The cross section

A is arbitrary.

1

|λ1|
� max

v,θ kin. admiss.

l»
0

�
ay

�
dθ

dx


2

� 2
dv

dx

dθ

dx

�
dx

l»
0

�
�EJz

�
d 2v

dx 2

�2

�GJ

�
dθ

dx


2

� EIω

�
d 2θ

dx 2

�2
�
� dx

49E1 rail. Length 4m.
Fork support
Sofistik: MSofistik

ycrit � 231.9kN

Mathematica: Mycrit � 232.9kN

Difference 0.43[%]
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Lateral Buckling

Only in case if the bar is subjected to two opposite bending moments
at the end the M0

y and M0
z are constant and the shear forces T 0

y , T 0
z

vanish. Only then the stability problem is elementary solvable.
Otherwise:

W0 �
1

2

l»
0

�
M0

y pxqb
M
y pxq �M0

z pxqb
M
z pxq � T 0

y pxqb
T
y pxq � T 0

z pxqb
T
z pxq

�
dx��Wy ��Wz

which we can rewrite in the form dependent only on M0
y , M0

z :

W0 � 1

2

l»
0

�
d

dx
payθ � 2vq d

dx
pθM0

y q �
d

dx
pazθ � 2wq d

dx
pθM0

z q
�
dx��Wy ��Wz
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Lateral Buckling, q � const

a) Let us consider a bar of bisymmetric cross-section with both ends
fork-supported loaded with q � const linking points px, 0, 0q from x � 0,
x � l.

{fig:28-03}

The bending moment is given by M0
y pxq �

1

2
qxpl � xq.
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Lateral Buckling, q � const

Work of initial forces is given by:

W0 � �
l»

0

dv

dx

d

dx

��
1

2
qxpl � xqθpxq


�
dx � �1

2
q

l»
0

dv

dx

d

dx

�
xpl � xqθpxq� dx

Functions v, θ are kinematically admissible (vp0q � 0, θp0q � 0;
vplq � 0, θplq � 0) The Rayleigh quotient takes the form:

1

|qcrit{q0| � max
ψ,ϕ kin. adm.

�
1»

0

dψ

dξ

d

dξ

�
ξp1� ξqϕpξq� dξ

1»
0

���d 2ψ

dξ 2

�2

� γ

�
dϕ

dξ


2

�
�
d 2ϕ

dξ 2

�2
�� dξ

where q0 � 1

l4
?
EJzEIω, ξ � x

l
, γ � l2GJ

EIω
, θ � l

c
EJz
EIω

ϕ, ψ � v

l
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Lateral Buckling, q � const.
Numerical Computation of the Rayleigh quotient

The critical load qcrit for the lateral bucking can be found numerically by
Mathematica software. Functions ϕpξq, ψpξq are expanded by the truncated
trigonometric series:

ψpξq �
ņ

i�1,3,5

Ai sinpiπξq, ϕpξq �
ņ

i�1,3,5

Bi sinpiπξq, Ai, Bi � unknowns

γ Timoshenko Truncated Difference
& Gere series n=11 [%]

0.4 143 144 0.70
16 36.3 36.1 0.55
48 31.5 31.2 0.95

128 29.4 29.4 0.00
360 28.6 28.7 0.35

Values of the ciritical load qcrit{p?γq0q.
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Lateral Buckling.
Pointload P acting in the middle of the bar.

b) Let us consider a bar of bisymmetric cross-section with both ends
fork-supported loaded with P acting in the middle of the bar at point
pl{2, 0, 0q.

{fig:28-02}

M0
y pxq �

#
1
2Px 0   x   l

2
1
2P pl � xq l

2   x   l
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Lateral Buckling.
Pointload P acting in the middle of the bar.

1

|Pcrit{P0|
� max

ψ,ϕ kin. adm.

�
1{2»
0

dψ

dξ

d

dξ
pξϕqdξ �

1»
1{2

dψ

dξ

d

dξ
pp1� ξqϕqdξ

1»
0

���d 2ψ

dξ 2

�2

� γ

�
dϕ

dξ


2

�
�
d 2ϕ

dξ 2

�2
�� dξ

P0 � 1

l3
?
EJz � EIω, ξ � x

l
, γ � l2GJ

EIω
θ � l

c
EJz
EIω

ϕ, ψ � v

l
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Lateral Buckling.
Pointload P acting in the middle of the bar.
Numerical Computation of the Rayleigh quotient.

γ Timoshenko Truncated Difference
& Gere series n=11 [%]

0.4 86.4 86.9 0.58
16 21.8 21.8 0.00
48 18.8 18.7 0.53
96 17.9 17.9 0.00

320 17.2 17.2 0.00

Values of the ciritical load Pcrit{p?γP0q.
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Lateral Buckling
Czubacki, R., Lewiński, T. Application of the Rayleigh quotient method in the analysis of stability of straight elastic bars.
Archives of Civil Engineering 70(4), 85–98 (2024). https://doi.org/10.24425/ace.2024.151881

{fig:28-03}

{fig:28-03}
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Lateral Buckling
Czubacki, R., Lewiński, T. Application of the Rayleigh quotient method in the analysis of stability of straight elastic bars.
Archives of Civil Engineering 70(4), 85–98 (2024). https://doi.org/10.24425/ace.2024.151881
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Conclusions

The Rayleigh quotient delivers the critical load as well as the form of
the buckling directly. This equation is the most compact formulation of
the buckling problem of a straight bar and is a convienient starting
point for the numerical computations. Let us recall that only if all the
forces N0pxq, . . . , T 0

y pxq are constant the buckling problem can be
analytically solved. Thus, almost nothing is lost if the Rayleigh quotient
is used instead of a cumbersome analysis of the set of the relevant
equilibrium equations.
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Thank you for your kind attention!

{fig:28-03}
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